Abstract. We prove a residual formula in terms of the logarithmic indices for one-dimensional holomorphic foliations, with isolated singularities, and logarithmic along normally crossing divisors. As application we provide a formula for the number of singularities in the complement of the invariant divisor on projective spaces. We also give a formula for the total sum of the logarithmic indices if the the singular set of the foliation is contained in the invariant divisor. Finally, we obtain a a Poincaré-Hopf type formula for singular normal projective varieties.
Introduction
X. Gomez-Mont, J. Seade and A. Verjovsky [18] introduced the GSV-index for a holomorphic vector field over an analytic hypersurface, with isolated singularities, on a complex manifold, generalizing the (classical) Poincaré-Hopf index. The concept of GSV-index was extended and generalized for several authors, see for instance [29] , [5] , [8] [26] , [10] .
In [16] X. Gomez-Mont defined the homological index of holomorphic vector field on an analytic hypersurface with isolated singularities, which coincides with GSVindex. Recently, A. G. Aleksandrov introduced in [1] the notion of logarithmic index for logarithmic a vector field. Let us give Aleksandrov's definition in the context of one-dimensional holmorphic folaitions:
Let F be an one-dimensional holomorphic foliation, with isolated singularities, on a complex manifold X and logarithmic along a divisor D. Fixed a point x ∈ X, let v ∈ T X (− log D)| U a germ of vector field on (U, x) tangent to F . The interior multiplication i v induces the complex of logarithmic differential forms 0 −→ Ω Since all singularities of v are isolated, the i v -homology groups of the complex Ω
• X (log D) are finite-dimensional vector spaces (see [1] ). Thus, the Euler characteristic χ(Ω It follows from the definition that Log(F , D, x) = 0 for all x ∈ X − Sing(F ). Aleksandrov showed in [1] the following important property: for each x ∈ Sing(F ) ∩ D we have
where µ x (F ) denote the Milnor number of F at the point x. Moreover, since the GSV index of F in x coincides with the Milnor number of restriction F | Dreg in x we have that Log(F , D, x) = µ x (F ) − µ x (F | Dreg ).
In this present work prove a residual formula in terms of the logarithmic indices for one-dimensional holomorphic foliations, with isolated singularities, and logarithmic along a normally crossing divisors.
Consider a point x ∈ Sing(F ), U a neighborhood of x in X and f ∈ O(U ) a holomorphic function such that D ∩ U = f −1 (0). Setting (z 1 , . . . , z n ) a system of complex coordinates on U , let v ∈ T X (− log D)| U a local representative of F in U , which will be denoted by
Since F is logarithmic along D, there is a holomorphic function h ∈ O(U ) such that v(f ) = hf . Let Jv denote the jacobian matrix of v and I denote the n × n identity matrix.
Theorem 1. Let F be an one-dimensional a foliation with isolated singularities and logarithmic along a normal crossing divisor D on a complex compact manifold
where Res x det(Jv − hI) v 1 , . . . , v n is the Grothendieck residue at the point x. Moreover, we have that
We observe that if F is a foliation with all isolated singularities and nondegenerates, then
since in this case Log(F , D, x) = 0 for all x ∈ Sing(F ). Therefore, the Theorem 1 generalizes our previous result in [11] . In [12, Theorem 1, ii)] we have proved a analogous result for global holomorphic vector field on X such that D has isolated singularities.
We obtain the following consequences.
Corollary 1.1. Let F be a foliation of dimension one on X, with isolated singularities and logarithmic along a normal crossing divisor D.
Now, let F be a foliation on the projective space P n . As a consequence of the above formula we can provide a formula for the number of singularities of the foliation F in the complement of the invariant divisor D, and for the condition Sing(F ) ⊂ D we also have a formula in terms of the total sum of the logarithmic indices along D. 
where σ n−i is the complete symmetric function of degree (n − i) in the
In this case, we can also conclude that if d = 2, n ≥ k and
In this case, if d = 2 we can also conclude that F has at least one degenerated singular point in D.
We can interpret this result as a version for one-dimensional foliation of a result due to Cukierman, Soares, and Vainsencher [13] for codimension one foliations.
The part (i) of this Corollary generalizes and improves the [11, Theorem 3] for non-irreducible case, moreover the condition of the vanishes of logarithmic indices is weaker than the non-degeneracy condition.
Another interesting application of Theorem 1 is a Poincaré-Hopf type formula for singular varieties. As usual we denote by 
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Preliminaries
2.1. Logarithmics forms and logarithmics vector fields. Let X be a complex manifold of dimension n and let D be a reduced hypersurface on X. Given a meromorphic q-form ω on X, we say that ω is a logarithmic q-form along D at x ∈ X if the following conditions occurs:
(ii) If h = 0 is a reduced equation of D, locally at x, then h ω and h dω are holomorphic.
Denoting by Ω q X,x (log D) the set of germs of logarithmic q-form along D at x, we define the following coherent sheaf of O X -modules
which is called by sheaf of logarithmics q-forms along D. See [14] , [22] and [28] for details. Now, given x ∈ X, let v ∈ T X,x be germ at x of a holomorphic vector field on X. We say that v is a logarithmic vector field along of D at x, if v satisfies the following condition: if h = 0 is a equation of D, locally at x, then the derivation v(h) belongs to the ideal h x O X,x . Denoting by T X,x (− log D) the set of germs of logarithmic vector field along of D at x, we define the following coherent sheaf of O X -modules
which is called by sheaf of logarithmics vector fields along D. It is known that Ω 1 X (log D) and T X (− log D) is always a reflexive sheaf, see [28] for more details.
If D is an analytic hypersurface with normal crossing singularities, the sheaves Ω 1 X (log D) and T X (− log D) are locally free, furthermore, the Poincaré residue map
give the following exact sequence of sheaves on X
where Ω 1 X is the sheaf of holomorphics 1-forms on X and D 1 , . . . , D k are the irreducible components of D.
Singular one-dimensional holomorphic foliations.
An one-dimensional holomorphic foliation F on X is given by the following data:
We denote by K F the line bundle defined by the cocycle
Thus, a one-dimensional holomorphic foliation F on X induces a global holomor-
The line bundle T F := (K F ) * ֒→ T X is called the tangente bundle of F . The singular set of F is Sing(F ) = {ϑ F = 0}. We will assume that cod(Sing(F )) ≥ 2. Given F an one-dimensional holomorphic foliation on X, we say that F is logarithmic along D if it satisfies the following condition: for all x ∈ D − Sing(D), the vector v α (x) belongs to T x D, with x ∈ U α .
Projective holomorphic foliations.
A foliation on a complex projective space P n is called by projective foliation. Let F be a projective foliation with tangent bundle T F = O P n (r). The integer number d := r + 1 is called by the degree of F .
2.3.
The GSV-Index on isolated hypersurface singularity. The GSV-index introduced in [18] by X. Gomez-Mont, J. Seade and A. Verjovsky was defined for holomorphic vector fields over an analytic hypersurface (on a complex manifold), with isolated singularities. The concept of GSV-index was extended to holomorphic vector field on more general contexts. For example, J. Seade e T. Suwa in [29] , defined the GSV-index for holomorphic vector field on analytic subvariety type isolated complete intersection singularity. J.-P. Brasselet, J. Seade and T. Suwa in [5] , extended the notion of GSV-index for vector fields defined in certain types of analytical subvariety with non-isolated singularities. More recently, M. Corrêa and D. Machado [10] defined the GSV-index for varieties invariant by a holomorphic Pfaff system on projective manifolds.
2.4.
The Logarithmic Index. In [1] A. G. Aleksandrov introduced the notion of logarithmic index for logarithmic a vector field. Let F be an one-dimensional holomorphic foliation on X with isolated singularities and logarithmic along D.
Since all singularities of v are isolated, the i v -homology groups of the complex Ω
• X (log D) are finite-dimensional vector spaces (see [1] ). Thus, the Euler characteristic
of the complex of logarithmic differential forms is well defined. Since this number does not depend on local representative v of the foliation F at the point x, we define the logarithmic index of F by
It follows from the definition that Log(F , D, x) = 0 for all x ∈ X − Sing(F ). We have the following important property (see [1] ):
Let X, D and F be as described above. Then, for each
where µ x (F ) denote the Milnor number of F at the point x.
since, in this case, the GSV index of F in x coincides with the Milnor number of restriction F | Dreg in x. In particular, Log(F , D, x) = 0, whenever x is a non-degenerate singularity of F .
Proof of Theorem 1
Suppose that x ∈ D, it follows from [23, Proposition 3.1, ii)] that
Now, since
and by Proposition 2.1
we conclude the integral formula
In order to simplify the proof we also will adopt the notation
is an analytic hypersurface with normal crossings singularities on the (n − 1)-dimensional smooth submanifold and (z 1 , . . . , z n ) a coordinate system around x, such that D is defined by equation z 1 · · · · · z k = 0. We can assume that each D j is locally defined by equation z j = 0.
Since D a hypersurface with normal crossing singularities, we have that the set
constitutes a system of O X,x -free basis for Ω 1 X,x (log D). More generally (see [28] , pag. 270), for all q = 1, 2, . . . , n,
where
. . , ω n = dz n . Thus, we have the map of complexes
which define the following exact sequence
where i * denotes the pullback of inclusion map i :
Now, since the Euler characteristic is addictive on short exact sequences of complexes, we obtain the desired result.
Proof. Given x ∈ D, since D a hypersurface with normal crossing singularities, we can chosen a coordinate system around x such that each D j is locally defined by equation
, then D k and D are both defined by the same equation
Thus, for all q = 0, 1, . . . , n,
and, consequently, we obtain
We will use the following multiple index notation: for each multi-index J = (j 1 , . . . , j k ) and
Lemma 3.3. In the above conditions, for each i = 1, . . . , n, we have
Proof. By using the exact sequence (1), we get
where in last equality we use the following relations
Lemma 3.4. In the above conditions, for each irredutible component D j , we have
Proof. It follows from by taking the total Chern class in the exact sequence
Lemma 3.5. In the above conditions, if L is a holomorphic line bundle on X, then the following relations hold:
In particular,
Proof. By basics proprieties of Chern classes, we get
By Lemma 3.3, we get
Substituting this, we obtain (7). The relation (8) 
Proposition 3.6. In the above conditions, if L is a holomorphic line bundle on
X, then X cn(TX(− log D) − L) = X cn(TX(− log( D k ) − L) − D k cn−1(TD k (− log( D k ∩ D k ) − L|D k ).
In particular, if D have only one irreducible component, that is
Proof. By Lemma 3.5, it is sufficient to show that the following equality occurs
Indeed, we can decompose the sum on the left hand side into the terms with l = 0 and those with l ≥ 1 as follows:
The second sum on the right hand side can readily be computed. In fact,
By using the fact that c 1 ([D k ]) is Poincaré dual to the fundamental class of D k , we obtain:
Now, using the relation of Lemma 3.4, we get
and we complete the calculation of the second sum.
Replacing it in the initial equality (11), we obtain
Now, in the case where D has only one irreducible component (k = 1), we can repeat the same above argument to obtain the following formula
Thus, we get
The proof of item (2) will be made using the principle of induction on the number of irreducible components of D. Indeed, if the number of irreducible component of D is 1, then we can invoke the formula (10) of the Proposition 3.6 to obtain the
where in the last step we have used the Baum-Bott classical formula (see [4] ).
Using the disjoint decomposition
But, by relation (4), we have
On the other hand, since D smooth, follows from equality (3) that
Therefore, we get
Let us suppose that for every analytic hypersurface on X, satisfying the hypothesis of theorem and having k − 1 irreducible components, the formula of Theorem 1 holds. Let D be an analytic hypersurface on X with k irreducible components, satisfying the hypotheses of the Theorem 1. We will prove that the formula of Theorem 1 is true for D.
We know that D k is an analytic hypersurface on X and D k ∩ D k is an analytic hypersurface on D k , both with normal crossing singularities and having exactly k − 1 irreducible components. Moreover, F and its restriction F | D k on D k are logarithmic along D k and D k ∩ D k , respectively. Thus, we can use the induction hypothesis and we obtain
Using the Proposition 3.6, we get
Thus, it is sufficient to show that the following equality occurs
Indeed, using the following disjoint decomposition
We can rewrite each of the above sums in a more appropriate way, as follows: in the first one, using the relation (4), we obtain
In the second sum, using the relation (2) and the Lemma 3.2, we get
In the next sum, using the relation (4) again, we have
Since
Finally, in the last sum, using the Lemma 3.1, we have 
where in the last step we have used the relation (4) and the following equality of sets
Proof Corollary 1.2
We have to prove the positivity of P n c n (T P n (− log D) − T F ).
Firstly, we will prove that It follows from E. Angeline [3] that
The total Chern classe of T P n (− log D) is c(T P n (− log D)) =
(1 + h) since µ π −1 (x) (ṽ) = µ x (v), for all x ∈ Sing(v).
